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Gas injection into supersonic flow past a 5° half-angle cone is studied with three injected gases: helium, nitrogen,
and RC318. Experiments are performed in aMach 4 Ludwieg tube with nitrogen as the free stream gas. The injector
section is shaped to admit a “tuned” injection rate where the displacement created by injection counteracts the effects
created by the injector geometry. A high-speed schlieren imaging system with a framing rate of 290 kHz is used to
study the instability in the region of flow downstream of injection, referred to as the injection layer.Measurements of
wavelength, convective speed, and frequency of the instability waves were made. The stability characteristics of the
injection layer are found to be very similar to those of a shear layer. The findings of this work suggest that shear layer
modes should be a primary concern for future stability analyses of supersonic flow with injection.
Nomenclature
a = sound speed, m∕s
d = jet diameter, m
F = nondimensional injected mass flux
f = frequency, Hz
J = nondimensional injected momentum flux
Linj = length of injector section, m
M = Mach number
n = optical index of refraction
R^e = unit Reynolds number, 1∕m
Rex = Reynolds number based on x
T = temperature, K
u = velocity, m∕s
W = molar mass, g∕mol
x = coordinate along cone surface, m
y = height of jet centerline, m
γ = ratio of specific heats
δ = injection layer thickness, m
λ = wavelength, m
ρ = density, kg∕m3
Subscripts
c = convective quantity
inj = injected gas quantity
j = jet quantity
l = local quantity at cone surface
ω = vorticity
∞; = free stream quantity
I. Introduction
I NJECTION into hypersonic boundary layers is a potentialenabling technology for future high-speed vehicles. Two
promising applications, localized transpiration cooling [1–5] and
fuel injection in scramjet inlets [6–10], are potentially enabling
technologies for future high-speed vehicles and are active areas of
research. For both of these applications the stability properties of the
boundary layer downstream of the injection location, called the
injection layer in this work for clarity purposes, are important. In
cooling applications, the injection layer should be laminar for as great
a distance as possible to maximize the extent of cooling for the
protection of surface-mounted instruments on a vehicle. Marvin and
Akin [4] observed that heat flux increases significantly when the
injection layer transitions to turbulence as hot gas is mixed with the
injected gas and transported to the wall. Conversely, in fuel injection
applications, transition to turbulence is desired as it enhances mixing
of reactants and leads to more chemical reactions and production of
radicals. Barth et al. 10 showed that, when this occurs in scramjet
inlets, efficiency of the scramjet engine system is increased.
Although the stability of the injection layer is of great importance
in this flow, relatively few studies have been performed to
characterize its stability properties. Themajority of experimental data
pertaining to the stability of this flow consist of measurements of
transition location [11]. Although these data are valuable, they
contribute little to understanding the physics of the transition process
or illuminate the dominant transition mechanisms. A handful of
numerical studies have been performed to analyze stability of these
flows (e.g., Li et al. [12]), and these works use tools developed for
analyzing boundary-layer stability to characterize the dominant
instability modes. Of these studies, the vast majority consider
injection of the same gas as the free stream gas because they aremuch
simpler to analyze computationally due to the decoupling of the
transport equation from the Navier–Stokes equations. However, in
most practical applications the injected gas would be different from
the free stream gas, motivating an experimental investigation of the
stability properties of supersonic flow with injection, including
injection of foreign (i.e., different from the free stream) gas species.
Schmidt et al. [13] examined the stability properties through an
experimental study of injection into the boundary layer on a sharp, 5°
half-angle cone in Mach 4 flow. That study demonstrated that
injection creates a sudden increase in the displacement thickness of
the boundary layer and produces oblique waves that propagate into
the free stream. Thewaves can be strong enough to cause the injection
layer to rapidly transition to turbulence, and can lead to pressure
losses in internal flows as observed by Ogawa et al. [14]. Schmidt
et al. [13] found that shaping the injector can compensate for the
displacement effect of injection and minimize the strength of the
waves created by injection when the injection rate is suitably tuned to
the geometry. Most important, a “tuned” condition exists such that
the displacement effect of injection counteracts the effect of the
expansion at the cone tip-injector junction. At this condition, nowave
(shock or expansion) is observed at the junction between the rear of
the cone tip section and the front of the injector section. Schmidt et al.
[13] also investigated the stability properties of the injection layer by
measuring thewavelength of the instability waves in experiments and
by linear stability analysis, although that study did not consider
foreign gas injection.
The current paper documents and analyzes the instability that
precedes transition and the displacement effect in greater detail and
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for multiple injected gases, and develops a correlating parameter for
the injection rate that can predict whether the flow rate is tuned for a
given injector geometry for a much wider range of injected gas molar
mass than previously considered. The experiments use the same
configuration as Schmidt et al. [13], which is a cone model with a
cylindrical injector section. Particular focus is given to the stability
characteristics of the injection layer and whether these properties are
more similar to those of a “conventional” boundary layer, as has been
assumed in many previous studies, or a shear layer.
II. Experimental Setup
All experiments were performed in the Mach 4 Ludwieg tube at
Caltech. The wind tunnel produces Mach 4 flow of nitrogen with a
free streamvelocity of 670 m∕s, a steady test time of 60ms, and a unit
Reynolds number R^e in the range of 5–25 × 106 per meter. The
noise level is approximately 0.7% in pitot stagnation pressure.
Experiments were performed at R^e∞ of 9 and 18 × 106 per meter,
corresponding to free stream pressures of 1.2 and 2.4 kPa,
respectively. The Ludwieg tube is operated with a fast-acting valve
that seals near the nozzle throat and is removed rapidly to start the
flow. The valve is described in detail in Sec. 2.2 of Schmidt [15].
Experimental data were acquired for varying injection mass flow
rates for each of the injected gases listed in Sec. II.B at R^e  9 × 106
permeter and 18 × 106 permeter. Note that the unit Reynolds number
in the test section of the Ludwieg tube depends only on the density in
the free stream, because the reservoir gas is always at room
temperature. Consequently, Reynolds number, free stream pressure,
and density cannot be varied independently.
The test article consists of a 131-mm-long, sharp-tipped aluminum
cone section with a measured tip radius of 300 μm, followed by a 40-
mm-long injector section, followed by a frustum. The cone has a half-
angle of 5°, and the frustum is instrumented with five PCB 132A31
piezoelectric pressure transducers along its length at locations
indicated in Figs. 1 and 2. The injector section is made of sintered
stainless steel and ismanufactured byMott Corporation. The injected
gas is pumped through the rear of the cone to the interior of the
injector section; see Schmidt et al. [13].
A. Imaging System
Schlieren imaging is used as the primary diagnostic for this work.
The framing rate of the imaging system must be sufficiently high to
acquire converged statistics for the mean transition location of the
injection layer in a singlewind tunnel run, and the exposure timemust
be short enough to freeze the motion of the transitional and turbulent
structures in order to measure the transition location. These
requirements lead to the use of a high-speed camera, here a Phantom
v710CMOScamera, and a pulsed laser diode light source; the system
is nearly identical to the one described by Parziale et al. [16] except
that the diode used in the current work is a stacked 3 × 3 array with a
wavelength of 905 nm and a spectral bandwidth of 7 nm. The
construction of the diode reduces both spatial and temporal
coherence, and the emitter size is 200 × 250 μm. The reduced spatial
coherence and large aperture eliminate the difficulties with using a
traditional knife edge schlieren cutoff that are typically encountered
with laser light sources. A similar technique has been applied to
hypersonic boundary layers to measure second-mode instability
waves [17–19].
Images of the entire test article were recorded in order to assess
displacement due to injection. These were recorded at 30,262 frames
per second at a resolution of 912 × 240 pixels with a scale of
0.18 mm∕pixel. The pulse width of the light source is set to 40 ns.
Higher-speed images for analyzing the stability of the flow are
recorded at 289,361 frames per second with a resolution of 224 × 64
at the same scale as the full-field images. The pulse width of the laser
diode is reduced to 25 ns to decrease motion blur and the duty factor
in those cases.
B. Injected Gases
Pappas and Okuno [20] observed that the molar mass of the
injected gas affects the transition location on a porous cone in Mach
4.8 flow. In the present work three gases with different molar masses
were used in order to determine the effect of gas molar mass on the
stability of the flow.Nitrogen is used as the reference gaswith amolar
mass matching the free stream gas, helium was used as the low-
molar-mass gas, and the refrigerant RC-318 was used as the high-
molar-mass (200 g∕mol) gas. Someproperties of the three gases used
in the current work at 295 K are summarized in Table 1.
The mass flow rate of the injected gas is measured directly using a
thermal mass flow meter, which was calibrated using a precision
rotameter in series with the thermal meter. Flow through the injector
is started several seconds before the wind tunnel is started to ensure
that steady flow of the injected gas has been established and the flow
meter gives an accurate reading. The meter has a rated accuracy of
1.5% of the full scale reading. The uncertainty used for error
Fig. 1 Schlieren images with a 40-ns-pulse width from three cases with nitrogen injection at different injection rates. The injector is marked by red lines,
and the locations of PCBpressure transducers are shownwith blue lines.F can be converted to a normalization using the local conditions over the cone by
multiplying by 0.85 [see Eq. (2)].
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propagation is twice this value to conservatively account for potential
errors incurred by the calibration process.
C. Computations
The experiments performed in this work were complemented by
unsteady simulations of theNavier–Stokes equations using the open-
source finite-volume CFD package OpenFOAM [21]. The specific
flow solver used is a modification by Arisman et al. [22] of the well-
known rhoCentralFoam solver (rhoCentralBinaryFoam) and
includes diffusion of species assuming Fickian diffusion and
realistic mass diffusivities for each species. rhoCentralBinaryFoam
uses a finite volume discretization to solve the continuity,
momentum, energy, and species diffusion equations with the
second-order, semi-discrete, nonstaggered central-upwind scheme of
Kurganov and Tadmor. Time derivatives are discretized using an
implicit Euler scheme [23]. The simulation is laminar and unsteady.
Steady-state solutions are found by marching forward in time until
the mean flow has converged.
The simulations use a 2-D axisymmetric grid that extends from
10 mm ahead of the cone tip to 70 mm downstream of the end of the
injector section. A quasi-steady state solution is first computed on a
coarse grid, then the result is mapped to a grid that is highly refined
near thewall, and the solution is againmarched forward in time until a
new quasi-steady state is reached.Waves appear in the injection layer
downstreamof the injector so that the flow is never truly steady for the
entire field but the flow ahead of the injector does become steady after
a sufficient number of time steps. A study was performed to ensure
sufficient spatial resolution for grid independence; the final refined
grid has a total of 755,857 pointswith a resolution of 45 μm per cell in
the refined region, which gives a Reynolds number based on cell size
of 405. For comparison, gradients in the injection layer occur over a
region of approximately 3–10 mm depending on the case,
corresponding to 70–220 cells through the interface region of the
injection layer at the rear of the injector, which is the primary region
of interest in this work. A grid independence studywas performed for
a case with nitrogen injection at a tuned injection rate with eight grid
resolutions from 38 to 191 μm∕cell, which indicated that the high-
gradient region in the injection layer was well-resolved for grid
resolutions finer than 69 μm∕cell [15].
Boundary conditions are chosen to match the conditions in the
Ludwieg tube test sectionwith a unit Reynolds number of 9 × 106 per
meter. The velocity of the injected gas is prescribed as uniform across
the injector surface, and a zero-gradient boundary condition is
applied to the pressure. The temperature of the injected gas is fixed at
295 K. Solid walls are treated as adiabatic and a no-slip condition is
applied to the velocity. Effects of wall temperature are very important
for determining boundary-layer stability properties, but the
computations in the present study are only used to compute the
mean flow for scaling experimental results and not for performing
stability calculations. Furthermore, the injected gas is at room
temperature along the injector and along the wall immediately
downstream of the injector where the instability waves are observed
(see, e.g., Fig. 2), and therefore in this region thewalls are very nearly
adiabatic. An adiabatic wall assumptionwas found to be adequate for
computing themean flow for a similar flow configuration by Schmidt
et al. [13] An image showing the computational domain and a
qualitative density field is presented in Fig. 3.
III. Results and Discussion
Figure 1 shows images for nitrogen injection at three flow rates.
Flow over the same model configuration without injection is shown
and described in [13], butwill not be discussed in the present paper. In
all cases, the near-wall flow created by injection is initially laminar
near the injector, develops a shear-layer-like instability downstream,
and ultimately transitions to a turbulent flow. The injector section is
marked by vertical red lines in the images, and the locations of the
PCB pressure transducers (used to record pressure fluctuations and
analyze the flow instability) are marked by blue lines on the cone
frustum. For these cases R^e  9 × 106 per meter. The injection rates
are reported in terms of F, the injected mass flux normalized by the
mass flux of the free stream:
F  ρuinjρu∞
(1)
The (visual) injection layer thickness δ is measured at the rear of
the injector section for consistency. This choice is arbitrary because δ
is observed to scale similarly with injection rate at any fixed location
Fig. 2 Schlieren imageswith a 40-ns-pulsewidth from three caseswith different injected gases but the samevalue of δ. The injector ismarkedby red lines,
and the locations of PCB pressure transducers are shown with blue lines.
Table 1 Properties of injected gases at 295 K
Gas Symbol
Molar mass (W),
g∕mol
Specific heat
ratio (γ)
Sound speed,
m∕s
Helium He 4.00 1.67 1011
Nitrogen N2 28.02 1.4 350
RC318 C4F8 200.04 1.054 114
5232 SCHMIDTAND SHEPHERD
D
ow
nl
oa
de
d 
by
 C
A
LI
FO
RN
IA
 IN
ST
 O
F 
TE
CH
N
O
LO
G
Y
 o
n 
Ja
nu
ar
y 
7,
 2
02
0 
| ht
tp:
//a
rc.
aia
a.o
rg 
| D
OI
: 1
0.2
514
/1.
J05
808
0 
near the injector. The trends are that δ increases and the transition
location moves upstream with increasing injection rate.
Figure 2 shows a set of images but for cases with different injected
gases at the same value of R^e (9 × 106 per meter) as Fig. 1. The
injection rates in these caseswere chosen such that δ is approximately
the same for all three, and each one represents a tuned case. We
observe that a lighter injected gas causes the transition location to
move upstream. Both of the observed trends for transition location
agree qualitatively with the findings of Pappas and Okuno [20] and
Schmidt et al. [13], who examined the case of CO2 and air injection
with the same model as used in this study. Additionally, the flow
downstream of injection in the schlieren images in Figs. 1 and 2 is
qualitatively similar to that shown in the shadowgraph images of
Pappas and Okuno [20]. The trends are shown for all cases as a
function of injection mass flow rate F in Fig. 3. F is defined here
using the free stream conditions as is typical in several other studies of
flows with boundary-layer injection, but F can be instead defined
using the local conditions over the cone computed with the Taylor-
Maccoll solution for inviscid supersonic flow over a cone. F is
defined thisway byPappas andOkuno [20]. The free stream and local
conditions are related by
ρ∞u∞
ρlul
 0.85 (2)
It is noted from Fig. 3 that the injection flow rates in this study
overlap with those of Pappas andOkuno [20] and include higher flow
rates as well, unlike a previous study on the same model geometry,
which only included higher flow rates [13].
The instability waves in the three cases also appear to have a
different character depending on the injected gas. With helium
injection the waves appear as large-amplitude “rolling” structures
reminiscent of those observed in free shear layers (e.g., byBrown and
Roshko [24]). The waves in the nitrogen injection cases are lower in
amplitude and more sharply inclined by comparison. Waves in
RC318 injection cases are quite different from those present in cases
with the other injected gases. They are difficult to visualize in single
images because they have a very long wavelength, but slow
oscillations in the interface are visible when a sequence of images is
viewed as a movie. It is argued in Sec. III.B.2 that this difference in
behavior is due to a supersonic convective Mach number of the
instability waves and the proximity of the cone wall, resulting in a
different most-unstable mode leading to transition.
Figure 3 shows the observedmean transition location as a function
of injection flow rate for cases with all three injected gases. The
transition location is reported in dimensional units measured in
reference to the front of the injector section so that the transition front
can be compared with the model geometry. Solid symbols have a
nominal unit Reynolds number of 9 × 106 per meter, while hollow
symbols (labeled as “high Re” in the figure) have a nominal unit
Reynolds number of 18 × 106 permeter. This labeling scheme is used
throughout the paper. The transition location is determined by noting
where the interface between the injected and free stream gases ceases
to be smooth and laminar. This method is less reliable than data from
thermocouples or pressure transducers, but is sufficient for
determining trends in the data.
Comparing Figs. 1 and 2 indicates that the conditions that result in
a tuned case, that is, when the edge of the injection layer is tangent to
the conewall at the start of the injector section, do not depend only on
F, but the tuned condition does appear to correspond to a unique
value of the displacement thickness δ. This indicates that F is not the
appropriate nondimensional parameter for correlating the results. A
parameter based on the flow rate that can predict a value of δ for any
injected gas is therefore presented in Sec. III.A.
Figures 1 and 2 also demonstrate the quality of the images acquired
with the pulsed laser diode light source. The images in the two figures
have been minimally postprocessed, with only some contrast
enhancement and partial background subtraction to improve clarity.
The effective incoherence of the light source gives nearly speckle-
free images, although there is some nonuniformity in the illumination
across the image and between multiple images from the same
experiment.
A. Injection Layer Thickness
The nondimensional momentum flux J is determined to be a better
parameter for prescribing the injection rate thanF by considering the
injection process as a low-momentum jet in a supersonic crossflow.
The review by Mahesh [25] summarizes the work of several
researchers who find that the jet trajectory, which is related to the
penetration height, is primarily a function of themomentum flux ratio
J:
J  ρju
2
j
ρ∞u
2
∞
(3)
Similarly to F, one can alternatively define J based on the local
conditions over the cone rather than the free stream conditions. The
free streammomentum flux is related to the momentum flux over the
cone by
ρ∞u
2
∞
ρlu
2
l
 0.86 (4)
The trajectory will also depend on the density and temperature
ratios of the jet to the free stream as well as the molar masses and
Mach and Reynolds numbers of the jet and free stream. Most
empirical correlations neglect these dependencies, however, and take
the form
y
d
 fn

J;
x
d

(5)
The functional dependence on J and x∕d is often cast as a power
law, with different exponents on J and x∕d.
Under these assumptions, at a fixed location x the penetration
height y can be considered a function of J only. In the present work,
y∕d at the rear of the injector is analogous to δ∕Linj, where Linj is
again the length of the injector section. The momentum flux of the
injected gas is computed by assuming that the average pressure over
the injector is the same for all experiments, which allows the density
to be extracted from the measured mass flux. The pressure is
determined by averaging the pressure at the injector exit in the
OpenFOAM computations.
The measured visual injection layer thickness δ is plotted versus J
in Fig. 4 along with the results from the OpenFOAM computations,
using the maximum gradient in the index of refraction to determine
the visual thickness. δ is nondimensionalized by the length of the
injectorLinj, but this choice is arbitrary because themodel is identical
for all cases. The vertical error bars represent the uncertainty in δ due
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Fig. 3 Transition location determined from schlieren images for all
experimental cases, relative to the front of the injector section, plotted
against nondimensional injection mass flux F. The rear of the injector is
marked as a horizontal line in the figure.
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to the finite resolution in the images. Horizontal error bars are
calculated from both the uncertainty inmeasured injectionmass flow
rate and the uncertainty in free stream conditions (assumed to be
5% for all variables) using standard error propagation. The black
curve in the figure is a power law fit to the data with a calculated fit of
δ
Linj
 1.256 J0.333  0.0358 (6)
Mahesh’s review article [25] reports values between 0.276 and 0.5
for the exponent on J. Defining J based on local conditions over the
cone does not change the value of the fitted exponent 0.333.
B. Injection Layer Stability
1. Data Processing
Images acquired to investigate the instability in the injection layer
are processed using background subtraction and contrast enhance-
ment before analysis. A description of the processing routine is given
in Sec. 4.2 of [15]. A series of 10,000 images taken at 289,361 frames
per second is acquired for each wind tunnel run.
The wavelength of the instability waves is determined by
performing an autocorrelation of the portion of each image
containing visiblewaves. The accuracy of autocorrelation in this case
is limited by the digitization of the images, and so the uncertainty in
each measurement is approximately 200 μm. Figure 5 shows a
sample image from an experiment with nitrogen injection to show the
measurement location relative to the model. The smaller inset image
in Fig. 5 is taken at the higher frame rate of approximately 290 kHz
listed in Sec. II.A, whereas the larger full-field image is taken at the
lower frame rate of 30 kHz. The dashed yellow lines show the region
of the image that is used for autocorrelation; it is centered on the
interface between gases. The correlated region is translated
horizontally to produce the autocorrelation curve.
The autocorrelation associated with Fig. 5 is shown in Fig. 6. The
feature of interest is the secondary peak at a lag of approximately
9 mm, which corresponds to the wavelength observed in this image.
Not every image produces an autocorrelationwith such a pronounced
secondary peak, due to both intermittent turbulent bursts in the flow
and the unsteady nature of any transition process. To use this peak to
define the instability wavelength, we place constraints on the
absolute value of the peak at nonzero lag, its relative magnitude
relative to the magnitude of the curve at the local minimum between
the peak at nonzero lag and themaximum at zero lag, and the slope of
the curve between the local minimum and the peak at nonzero lag.
These constraints were used to set cutoff values for accepting data
sets; the values were determined by examining individual images
where a dominant wavelength was clearly apparent and those where
no wavelength appeared and adjusting the values until data sets with
well-defined instability waves were being accepted. Changing the
cutoff values by small amounts does not change the result of the
algorithm significantly. For a given case with 10,000 images, 2000–
4000 images will typically contain a wavelength that meets the
criteria.
The distributionofwavelengths for a givenwind tunnel run is fitted
with a log-normal distribution to eliminate difficulties associated
with negative population values associated with using a Gaussian
distribution to approximate a data set, and the maximum of the
distribution is used to represent the wavelength for a single
experiment. In cases with RC318 injection, the wavelengths are too
long to determine by autocorrelation, and so they are computed from
their measured convective speed and frequency: Uc  λf. The
wavelength normalized by the length of the injector is plotted versus
J in Fig. 7. Here and throughout this work, vertical error bars
represent the standard deviation of the underlying distribution for
each case, not the measurement uncertainty, indicative of the level of
natural variations present in the transition process in this flow. This is
an important distinction that should be kept in mind when
interpreting the presented results. The standard deviations of the
means of the plotted data are much smaller by comparison, on the
0 2 4 6 8 10 12 14
×10-4
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Fig. 4 Injection layer thickness measured at the rear of the injector
section, normalized by the injector length, plotted versus the
nondimensional momentum flux J. High-Reynolds-number cases have
R^e  18 × 106 per meter. The ; symbol indicates the tuned condition.
Here and in the figures that follow in this work, J can be alternatively
defined by the local conditions over the cone by multiplying by 0.86 [see
Eq. (4)].
Fig. 5 Processed image (inset) showing instability waves to be analyzed by autocorrelation, from a sequence taken at 290 kHz. The full field image is
included to show the location for 290 kHz imaging relative to the 30 kHz imaging. The yellow dashed lines show the region used for autocorrelation.
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Fig. 6 Autocorrelation for the image shown in Fig. 5. The secondary
peak at nonzero lag corresponds to a wavelength of 9 mm.
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order of the size of the data points in the figures. The wavelength is
nearly independent of injection rate for a given gas, although the
injection layer thickness δ varies by a factor of three. This is contrary
to the behavior of instability waves in boundary layers, whose
wavelengths scale with the local boundary-layer thickness.
The convective speed of the instability waves can be determined
relatively easily by image cross-correlation. The same region used to
detect the wavelength is used for cross-correlation. In nitrogen and
helium injection cases, only imageswithwaves present are correlated
with their neighbors to avoid incorrectly tracking other phenomena,
such as turbulent bursts. Images are correlated with each of the four
previous images in an attempt to mitigate pixel locking. In cases with
RC318 injection cross-correlation is attempted near the interface of
the gases for all images, and so the results in those cases are less
accurate than those for nitrogen and helium injection.
Figure 8 shows a sequence of images from a case with nitrogen
injection. The frame rate is sufficiently high that thewavesmove only
a few millimeters between images. Motion of the waves is indicated
by the arrow in the figure.
Aswithwavelength detection, a criterion is applied to a correlation
curve to determine if a velocity can be reliably measured. To be
accepted for velocity measurement, the peak of the curve must occur
at a nonzero lag and must have an absolute value greater than a
specified cutoff. The data are again insensitive to the cutoff value; one
is chosen to obtain 1000–2000 velocity measurements in most cases.
The lag is converted to a velocity by multiplying by the framing rate,
assuming a constant velocity between frames.
Apopulation of velocitymeasurements is produced for each tunnel
run. The mean and standard deviation of the population are used to
calculate a single value and uncertainty for a given case. Figure 9
shows measured convective velocities for all cases. Error bars for the
RC318 cases are quite large, reflecting the reduced accuracy in those
measurements because images with waves could not be as reliably
identified as in the nitrogen and helium cases. The data show no
discernible trend for nitrogen injectionwith increasing injectionmass
flow rate, whereas for helium injection an increase in convective
velocity with increasing injection rate is observed and for RC318
injection it appears that the velocity may be decreasing with
increasing injection rate.
The frequency of the waves is determined from imaging from the
convective speed and wavelength for nitrogen and helium injection
cases, using a strategy similar to that employed byKennedy et al. [19]
With RC318 injection, however, it can be measured directly in most
cases. The edge of the injection layer in these cases is reasonably
stable in time and easy to see with the naked eye, and so the Prewitt
edge-detection routine is used to find a point along the edge and track
it from image to image. Its position moves up and down as waves
pass, and the frequency can be extracted by temporal Fourier
analysis. Figure 10 shows a power spectral density spectrum for the
example case; it exhibits a peak at 24.5 kHz.
Data from the PCB pressure transducers were also analyzed for
each case. Temporal Fourier analysis was applied to detect
frequencies. Many cases, particularly for nitrogen injection, do not
0 2 4 6 8 10 12 14
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
Nitrogen
Helium
RC318
×10-4
Fig. 7 Wavelength normalized by the injector length plotted against the
nondimensional injection rate J for all cases analyzed. The wavelength is
measured directly for helium and nitrogen injection and calculated using
convective speed and frequency for RC318 injection.
Fig. 8 Series of images of a case with nitrogen injection showing the
propagation of waves. Their velocity is determined by cross-correlating
the region in the images where the waves are present.
0 2 4 6 8 10 12 140.4
0.5
0.6
0.7
0.8
0.9
1
1.1
Nitrogen
Helium
RC318
×10-4
Fig. 9 Convective velocity normalized by the free stream velocity
plotted versus the nondimensionalmomentum fluxJ for all cases studied.
Vertical error bars represent the standard deviation in the population of
measured velocity values.
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show a significant peak in the spectra for any of the transducers. This
could have several causes. First, the instability waves are not
consistently present in the flow field due to the intermittent nature of
the transition process, and in order to be detected by the pressure
transducers they need to not only be present but also occur very near
to the transducers. This could prevent the transducers from detecting
a single frequency. Second, the pressure fluctuations from the
instabilitywavesmay be somewhat localized to the interface between
the injected gas and free streamgas and do not propagate to thewall of
themodel consistently. Finally, the transducersmay be located too far
behind the onset of transition to measure the frequency of the waves
before they break down to turbulence. The location of the transducers
relative to the transition location can be seen for a few cases in Fig. 2.
Figure 11 shows the spectrum from one transducer for one such case
with helium injection. The spectrum is compared with the spectrum
from the same transducer for a flow with the same injection rate, but
with a boundary-layer trip upstream of the injector to make the
injection layer fully turbulent. A clear peak at 101 kHz is observed in
the laminar spectrum.
Frequency data from image analysis and, when it can be obtained,
from the pressure transducers are plotted together in Fig. 12. The
frequencies are normalized by the length of the injector and the free
stream velocity to form a Strouhal number. The uncertainties in the
nitrogen and helium visualization data are estimated by propagating
the uncertainties of the wavelength and velocity data. Uncertainty in
frequency for the RC318 visualization data and all pressure
transducer data is calculated from the full width at half maximum of
the peak in the spectra. The frequency is relatively constant for
nitrogen injection cases, increases with increasing injection mass
flow rate for helium injection cases, and decreases slightly with
increasing injection mass flow rate for RC318 injection cases. The
trend for the PCB data for helium injection cases is that the frequency
is approximately constant for high injection rates instead of
increasing as in the imaging data, but the imaging data are considered
to be more reliable in this study because of the difficulties outlined
above in extracting reliable data from the PCB sensors. Nevertheless,
the two methods agree within experimentally observed variations in
the imaging data.
Regarding the computations described in Sec. II.C, data are
primarily analyzed in terms of wall-normal profiles of flow variables.
Locations are marked by orange arrows in Fig. 13. One profile is
taken of the incoming boundary layer near the end of the cone tip
section, three profiles are taken over the injector, and four are taken on
the frustum section downstream of the injector section. The distances
measured along the cone surface from the tip of the cone for each
profile are 120, 132.5, 152, 172, 180.6, 189.2, 197.8, and 206.4 mm,
respectively.
2. Instability Analysis
Fedorov et al. [26] and Schmidt et al. [13] performed theoretical
studies on the stability of flow with injection on the geometry used in
the current work using linear stability analysis. Both studies were
performed with air injection into an air free stream, and so do not
include effects of varying the injected gas. Both studies found that
injection destabilizes several acoustic modes, but the mode with the
highest growth rate is two-dimensional. The most amplified
frequency, nondimensionalized using the length of the injector and
free stream velocity as in Fig. 12, is found by Schmidt et al. [13] to be
approximately 5.2, which agrees with the frequency found for
nitrogen injection in this work. Neither of these theoretical studies
investigates the waves in the nonlinear regime, but the waves
observed in this work by schlieren visualization are likely nonlinear.
As mentioned in Sec. III.B.1 in reference to Fig. 7, the wavelength
and other measured properties do not scale directly with the injection
layer thickness, which is not the case for the instabilities dominant in
10 20 30 40 50 60 70
0
10
20
30
40
50
60
Fig. 10 Power spectral density from the edge-finding routine for the
example RC318 injection case. A peak is observed at 24.5 kHz.
101 102
10-3
10-2
10-3
100
Turbulent Baseline
Test Case
Fig. 11 Spectra for a casewith helium injection and a casewith the same
injection rate but a fully turbulent injection layer caused by a boundary-
layer trip upstream of injection.
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Nitrogen (PCB)
Helium (PCB)
RC318 (PCB)
×10-4
Fig. 12 Frequency from image analysis and pressure transducers. The
frequency from imageanalysis for the heliumandnitrogen injection cases
is computed from the measured convective speed and wavelength,
whereas the frequency in the RC318 cases is computed directly from the
image processing routine.
Fig. 13 Location ofwall-normal profiles for allOpenFOAMcases. They
are located 120, 132.5, 152, 172, 180.6, 189.2, 197.8, and 206.4 mm from
the cone tip, measured along the surface of the model. A case with
nitrogen injection is shown as an example. The domain is colored
according to density.
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supersonic boundary layers [27]. This indicates that transition in
supersonic flow with injection is due to another mechanism. Flow
with injection involves the mixing of two streams of different
velocities, which suggests that its stability characteristics may be
similar to those of shear layers.
Two-dimensional free shear layers are a canonical flow in fluid
mechanics. Information about the stability of free shear layers can be
found in the literature [28–33], and in the review paper by Dimotakis
[34]. A quantity called the vorticity thickness is the most common
length scale used to nondimensionalize features in both compressible
and incompressible shear layers.
δω 
U1 −U2
du∕dymax
(7)
Stream 1 is defined to be the higher-speed stream in the shear layer.
Another important quantity for shear layers is the convective Mach
number, defined for stream j as
Mcj 
Uj −Uc
aj
(8)
Shear layers are generally more stable with increasing convective
Mach number. The convective speed Uc of structures in a
compressible shear layer is shown by Papamoschou and Roshko [29]
to be predicted by the conditions in the two streams, after substitution
of Eq. (8).

1 γ1 − 1
2
M2c1

γ1∕γ1−1 

1 γ2 − 1
2
M2c2

γ2∕γ2−1
(9)
Equation (7) cannot be applied directly to the velocity profiles
because although there is a clear choice for the parameters for stream
1 (the free stream values over the cone), there is not a clear choice for
stream 2 conditions because of the influence of the wall. The profiles
produced by the OpenFOAM computations can be used to calculate
an equivalent length scale to nondimensionalize the wavelengths
observed in experiments. This can be resolved by defining a new
thickness δc, which is the vertical distance between the points of
maximumcurvature of themomentumprofile. δcwill be referred to in
this work as the curvature thickness of the profile. It is roughly
equivalent to δω except that it allows for either or both of conditions 1
and 2 to be not well-defined. It is only required that there is an
inflection region in the profile. The momentum profile is chosen
instead of the velocity profile, motivated by the fact that many
features in jets, wakes, and shear layers depend on the initial
momentum thickness [33]. The velocity and momentum profiles
yield very similar results in most cases, with slight differences
because the density and velocity profiles evolve differently due to the
presence of thewall and convection of the injected gas in the direction
normal to themean flow from the injector. This is not a concern in free
shear layers where the velocity and density profiles behave similarly
to one another. An example momentum profile for a case with
nitrogen injection is shown in Fig. 14 with the curvature thickness
indicated.
δc increases with downstream distance as streamwise momentum
diffuses downward from the free stream toward the wall, and so a
common choice of streamwise location between all cases at which δc
is evaluated is necessary. Figures 1 and 2 indicate little variation in
wavelength of the instability waves with downstream distance for a
given injected gas and flow rate. It is therefore assumed that the
instability begins at the beginning of the injector when the interface
between the free stream and injected gases is displaced from thewall.
This observation of the lack of variation in wavelength with
downstream distance may be related to the well-known effect of the
wake of the splitter plate on planar shear layer growth [35]. Hence the
momentum profiles at the front of the injector are used to evaluate δc
for each case. There is some difficulty in locating the furthest point of
curvature from thewall in cases where a strong shock is present at the
beginning of the injector section, and so the uncertainty in δc is higher
in these cases. Figure 15 shows the experimental values for
wavelength normalized by corresponding values for δc from the
computations.
The results for nitrogen and helium injection collapse to a value of
λ∕δc  8.5, and the results for RC318 injection are self-consistent
in the sense that the measured wavelength and calculated δc are both
approximately constant across all injection rates tested. The value of
8.5 is higher than the values reported in the literature for λ∕δω of
between 3 and 5 for free shear layers [24,28,30], but there is a
difference between the definitions δc and δω used to normalize the
wavelength, and so some discrepancy is expected. It is not possible to
define a value for δω in the present study because of the difficulty of
determining appropriate values ofU1 andU2 described above, but it
is clear fromFig. 14 that for a free shear layer, δω would be larger than
δc, so values of λ∕δωwould be smaller than corresponding values of
λ∕δc. For example, a hyperbolic tangent function (tanh) is
commonly used to approximate shear layer velocity profiles. δω for
tanh x is 2, whereas δc  arccosh2 ≈ 1.32.
The values of λ∕δc for RC318 injection cases are much higher
than those for helium and nitrogen injection, however. This may be
because the momentum profile for RC318 injection has an additional
inflection region close to the wall where the density reaches a local
maximum, which is not present in the velocity profile. This could
change the scaling of thewavelength relative to the other cases where
the momentum profile is monotonic. The fact that the curvature
thickness collapses the wavelengths in each data set in this study
much in the same way that the vorticity thickness collapses the
wavelength data in free shear layers is evidence that the instability
present in supersonic flow with injection may be of the same type as
that active in supersonic shear layers.
0 10 20 30 40 50 600
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Fig. 14 Example momentum profile for a case with nitrogen injection.
The curvature thickness δc is indicated with black dashed lines.
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5
10
15
20
25
Nitrogen
Helium
RC318
×10-4
Fig. 15 Wavelength normalized by δc using the values determined from
the computations for each corresponding case. Values of δc are
interpolated over the various values of J for cases with each injected gas.
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Predicting a convective velocity forwaves in the injection layer is not
straightforward using Eq. (9) and the data from the OpenFOAM
computations. Condition 1 is obviously the free stream over the cone,
but the choice of condition 2 is not clear because of the presence of the
wall. Based on a similar argument to the one used to define δc, namely,
that the properties of the layer are governed by the inflection region in
the momentum profile as long as the inflection point is sufficiently far
from the wall, condition 2 can be specified at the lower point of
curvature in the momentum profile, which is indicated by the lower
dashed line in Fig. 14. Using this definition for condition 2, the value of
Uc calculated from Eq. (9) varies only slightly in the streamwise
direction. The profile used to compute Uc is the one at the rear of the
injector, which is close towhere the convective speed ismeasured in the
experiments. The inflection point in themomentumprofile is several δc
s from the wall at this location. Figure 16 shows the measured
convectivevelocity for each experiment normalized by a corresponding
predicted convective velocity from Eq. (9) and the OpenFOAM data.
Using the lower point of curvature in the momentum profile to
calculate the conditions in stream 2 for Eq. (9) predicts the measured
convective velocity closely for all cases. Recall from Sec. III.B.1 that
there is some additional uncertainty in computing the convective
velocity in cases with RC318 injection because the long-wavelength
structures are difficult to track with the limited camera resolution
available. The fact that the convective velocity of structures in the
injection layer can be so accurately predicted using a relation for free
shear layers, along with the evidence provided by the scaling of the
wavelengths, provides a strong case that the instability present in the
injection layer is of the Kelvin-Helmholtz type resulting from the
inflection in the velocity profile.
If transition in flowwith injection is due to shear layer instabilities,
then the findings of past research efforts on shear layers can be
brought to bear on understanding and predicting the behavior of flow
with injection under different conditions, beyond just predicting the
wavelength, velocity, and frequency of the waves. First, Brown and
Roshko [24] report that the vorticity thickness is lower for shear
layers with a heavier gas in the high-speed stream, or, equivalently,
for a lighter gas in the low-speed stream. The same qualitative trend is
observed in the current work. Inspection of Fig. 7 shows that the λ,
and therefore δc, for the injection layer is indeed thinner for lighter
injected gases, which constitute themajority of the low-speed stream.
Since its introduction, many researchers (e.g., Papamoschou and
Roshko [29]) have noted the importance of the convective Mach
number in representing the effect of compressibility on a shear layer.
Mc is particularly important in predicting the amplification rate of
disturbances in a compressible shear layer and therefore its stability.
As noted by Papamoschou [28],Mc is a function of y, the coordinate
normal to the mean flow direction, in shear layers with finite
thickness. Mc is plotted as a function of y at the rear of the injector
section for three example cases, one for each injected gas, in Fig. 17.
The profiles ofMcy are very similar for cases at injection rates other
than the ones shown in the figure. Black dashed lines mark the
location of the points of maximum curvature in each case’s
momentum profile, which are used to specify the conditions of
streams 1 and 2.
0 2 4 6 8 10 12 14
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Fig. 16 Ratio of the measured experimental value of wave convective
speed to that predicted using Eq. (9) and the computations plotted
against J for cases with a nominal unit Reynolds number of 9 × 106 per
meter.
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a) Mc(y) for an example case with nitrogen injection
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c) Mc(y) for an example case with RC318 injection
Fig. 17 Convective Mach numberMc plotted as a function of the wall-normal coordinate y for three example cases. Profiles are taken at the rear of the
injector section. The black dashed lines in each plot mark the location of the curvature points in the corresponding momentum profile.
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The convective Mach number increases close to the wall and
becomes supersonic in caseswith nitrogen andRC318 injection. This
is a feature that is not observed in free shear layers, and so it is
unknown how this affects the transition process. It should also be
noted that a subsonic sublayer exists in the center of the inflection
region of the momentum profile where the convective Mach number
is small in all cases, a feature also observed by Papamoschou and
Roshko [29] for free shear layers.
It has beenwell-documented that the amplification of disturbances
in a shear layer decreases with increasing Mc, and therefore shear
layers with higher convective Mach numbers are more stable. This
explains the trend in transition location observed in the experiments
performed in this study and also past studies that have observed the
same trend; that is, the transition location moves downstream as the
molar mass of the injected gas decreases [13,20,36]. Figure 17 shows
that the convectiveMach number increaseswith themolarmass of the
injected gas, enhancing the stability of the resulting injection layer.
Equation (9) indicates that the value of γ is also important in
determining the convective velocity. This effect can be observed as
y → ∞; in Fig. 17, where u and a approach common values for each
case.Decreasing γ has the effect of decreasing the convectivevelocity
of the instability waves, increasing the convective Mach number. γ is
typically lower for gases with higher molar mass, and so these effects
act together to increaseMc over the entire injection layer thickness.
Mc1 and Mc2 are subsonic in cases with nitrogen and helium
injection and weakly supersonic in cases with RC318 injection. This
difference may contribute to the different values observed in λ∕δc
(see Fig. 15). Papamoschou [28] observes a difference in λ∕δω in
free shear layers when the convective Mach number changes from
subsonic to supersonic, although in hiswork thewavelength becomes
shorter as the convectiveMach number becomes supersonic, which is
the opposite of what is observed here. Sandham and Reynolds [37],
Clemens and Mungal [38], and others have also documented that
oblique modes can become active in compressible shear layers when
the convective Mach number is sufficiently high, which could also
help explain why the waves have different characteristics in cases
with RC318 injection. The convective Mach number in nitrogen
injection cases becomes supersonic close to the wall, but the
instability behaves similarly to that in helium injection cases, and so it
is possible that whether the convective Mach number is subsonic or
supersonic is only important in between the points of maximum
curvature where the shear is high.
The effect of the cone wall can be inferred qualitatively from the
linear stability analysis of Zhuang et al. [39]. They consider a two-
dimensional, constant-density, homogeneous shear layer propagat-
ing in a confined two-dimensional channel with frictionless walls on
both sides of the shear layer. The analysis cannot predict the influence
the profile shapes (density, temperature, etc.) of the injection layer
have on the instability, but it does give some insight into how thewalls
interact with the shear layer. They find that for subsonic convective
Mach numbers the walls have no discernible effect, but that the walls
weakly destabilize the instability in cases with supersonic convective
Mach number. Interestingly, they find that multiple instability modes
are active in cases with supersonic convectiveMach number and that
the Kelvin-Helmholtz mode is not the most unstable mode.
Disturbances are amplified by the reflection of acoustic waves
generated in the shear layer from the walls. Both of these findings—
there aremultiple unstable modeswhen the convectiveMach number
is supersonic and themodes are amplified by acousticwave reflection
—are similar to the findings of Mack [27] for high-speed boundary
layers. The cone wall likely has a similar influence on the injection
layer in the current study.
The difference in behavior when the convective Mach number is
supersonic in the presence of a wall or walls perhaps better explains
the significant qualitative difference observed in the injection layer
with RC318 as the injected gas compared with cases with the other
two gases. If the most unstable mode is not of the Kelvin-Helmholtz
type, then it may very well exhibit a different scaling for its
wavelength from the other cases that are Kelvin-Helmholtz unstable.
The most unstable mode in cases with RC318 injection may also be
oblique. The mode of the instability would not affect the predicted
convective velocity, as the formulation of Eq. (9) for predicting the
convective velocity does not require that the waves be of any
particular type, so long as they exist between two streams with
different speeds.
IV. Conclusions
Supersonic flowwith injection has been studiedwith three injected
gases with different molar masses in a configuration that is designed
to compensate for the additional displacement to the boundary layer
caused by injection in order to minimize the strength of waves in the
flow. The nondimensional mass flux F has been used to characterize
the injection rate in many previous studies, but the current work has
shown that proper tuning depends on the injection layer thickness δ,
which is not uniquely predicted by F when different injected gases
are used. Considering the flow with injection as a weak jet in
supersonic crossflow suggests the use of the nondimensional
momentum flux J to predict δ, and the data collected in this work
show that δ is well-described as a function of J only, even for injected
gases with very different molar masses.
The wavelength, frequency, and convective speed of instability
waves in the injection layer were measured using high-speed
imaging. Along with data from numerical simulations, the instability
is determined by scaling arguments, quantitative prediction and
verification using computations and experiments, and qualitative
trends in the data to behave like that dominant in supersonic shear
layers rather than those in boundary layers. This finding differs from
the instability modes considered in many previous studies of
supersonic flowwith injection, and calls for further experimental and
numerical work.
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